Taking three right-handed Majorana neutrino masses M i to be partially non-degenerate, we make a new analysis of the Fukugita-Tanimoto-Yanagida ansatz and confront it with current neutrino oscillation data. We determine the parameter space for cases (A)
I. INTRODUCTION
Very robust evidence for the existence of neutrino oscillations has recently been achieved from solar [1] , atmospheric [2] , reactor [3] and accelerator [4] neutrino experiments. Thanks to this exciting progress in neutrino physics, we are now convinced that neutrinos are massive and lepton flavors are mixed. The phenomenon of lepton flavor mixing can be described by a 3 × 3 unitary matrix V , the Maki-Nakagawa-Sakata (MNS) matrix [5] , which contains three mixing angles (θ 12 , θ 23 , θ 13 ) and three CP-violating phases (δ, ρ, σ) . Four of these six parameters (i.e., θ 12 , θ 23 , θ 13 and δ), together with two neutrino mass-squared differences (∆m at the 99% confidence level, but the Dirac CP-violating phase δ is entirely unrestricted at present. More accurate neutrino oscillation experiments are going to determine the size of θ 13 , the sign of ∆m 2 32 and the magnitude of δ. The proposed precision experiments for the tritium beta decay [7] and the neutrinoless double-beta decay [8] will help to probe the absolute mass scale of three light neutrinos and to constrain the Majorana CP-violating phases ρ and σ.
Towards much better understanding of the neutrino mass spectrum and the neutrino mixing pattern indicated by Eqs. (1) and (2), many phenomenological ansätze of lepton mass matrices have recently been considered and discussed [9] . Among them, a particularly simple example [10] is to assume that both the charged-lepton mass matrix M l and the neutrino mass matrix M ν are of the well-known Fritzsch texture [11] 1 . Incorporating the Fritzsch texture in the canonical seesaw mechanism [13] with three degenerate right-handed Majorana neutrinos, Fukugita, Tanimoto and Yanagida (FTY) [14] have proposed an interesting ansatz to account for current neutrino oscillation data. To be explicit, the FTY ansatz includes two assumptions: (1) both the charged-lepton mass matrix M l and the Dirac neutrino mass matrix M D take the Fritzsch texture; and (2) the right-handed Majorana neutrino mass matrix M R takes the form M R = M 0 1 with 1 being the 3 × 3 unity matrix (i.e., M i = M 0 for i = 1, 2 and 3). Then the effective (left-handed) neutrino mass matrix M ν in the FTY ansatz is given by 1 See Ref. [12] for some earlier applications of the Fritzsch ansatz to the lepton sector. In these works, however, only the small-mixing-angle MSW solution to the solar neutrino problem was taken into account. This solution is now out of date.
Unless a special assumption is further made [15] , the texture of M ν is no more of the Fritzsch form. Refs. [14] and [16] have shown that the FTY ansatz is compatible very well with current experimental data on solar and atmospheric neutrino oscillations. The main purpose of this work is to go beyond the FTY ansatz by relaxing its second assumption; namely, the masses of three right-handed Majorana neutrinos are allowed to be partially non-degenerate. We consider three different cases:
Indeed, the non-degeneracy or partial nondegeneracy of M i (for i = 1, 2, 3) is a necessary condition to get the successful thermal leptogenesis [17] in order to account for the cosmological baryon-antibaryon asymmetry. See Ref. [18] for an explicit example which illustrates the correlation between the mass splitting of heavy right-handed Majorana neutrinos and the leptogenesis in the minimal seesaw model. Here we focus on the low-energy phenomenology of the generalized FTY ansatz -in particular, we are going to examine how the neutrino masses, flavor mixing angles and CP-violating phases are sensitive to the mass splitting parameters in cases (A), (B) and (C), which deviate from the original M 1 = M 2 = M 3 case in different ways. We shall discuss the possibilities to further extend the FTY ansatz to accommodate leptogenesis somewhere else.
The remaining part of our paper is organized as follows. In section II, we make some reasonable analytical approximations to calculate the neutrino mass matrix M ν , in which the mass splitting of any two heavy Majorana neutrinos has been taken into account. The neutrino mass spectrum and the MNS matrix can then be derived for each of the three cases. Section III is devoted to a detailed numerical analysis of the allowed parameter space in each case, and to the determination of three neutrino masses, three mixing angles and three CP-violating phases. We also obtain the predictions for the Jarlskog invariant of CP violation and the effective masses of the tritium beta decay and the neutrinoless double-beta decay. Finally, a brief summary of our main results is given in section IV.
II. ANALYTICAL CALCULATIONS
Let us assume that the charged-lepton mass matrix M l and the Dirac neutrino mass matrix M D are both symmetric and of the Fritzsch texture:
in which only A l(D) is real and positive.
, and
We diagonalize M l(D) by using the orthogonal transformation 
Note that O 12 , O 22 and O 32 are imaginary, because the determinant of
. Such an assumption implies that one may diagonalize M ν in Eq. (3) just by using the orthogonal transformation
we keep the assumption of M D = M D (i.e., M D is real and P D = 1 holds) and consider three different patterns of
We also assume M R to be diagonal, real and positive in the flavor basis chosen above. Given
we have already discussed, the effective neutrino mass matrix M ν can now be expressed as
where Q = Diag{1, i, 1} and
It is easy to check that Eq. (7) can simply be reproduced from Eqs. (8) and (9) by taking M R = M 0 1. If the masses of two right-handed Majorana neutrinos are not exactly degenerate, their small difference will enter the expression of M ′ ν . To be more transparent, we specify cases (A), (B) and (C) as
and then define a single mass splitting parameter δ 12 ≡ (M 2 − M 1 )/M 2 for each case. We obtain
to the leading order of δ 12 , and list the explicit expressions of M 
where x ν ≡ m 1 /m 2 and y ν ≡ m 2 /m 3 , we can numerically verify that only y ν < 1 is allowed as a consequence of x < 1 and y < 1. Taking into account the mass splitting effect, we now express the MNS matrix
, where P l is taken to be P l = Diag{e iα , e iβ , 1} with α = φ l − ϕ l and β = −φ l . V totally contains seven parameters: x l , y l , x, y, δ 12 , α and β, among which x l ≈ 0.00484 and y l ≈ 0.0595 [19] are already known to a high degree of accuracy. Given the value of δ 12 , one is able to constrain the ranges of (x, y) and (α, β) by using current experimental data on R ν and (θ 12 , θ 23 , θ 13 ). To be specific, here we make use of the following parametrization of V [20] : 
where c ij ≡ cos θ ij , s ij ≡ sin θ ij (for ij = 12, 23, 13), δ denotes the Dirac CP-violating phase, ρ and σ stand for the Majorana CP-violating phases. Then
The leptonic 
and 
One can see that the Dirac phase δ does not appear in m ee , as guaranteed by the phase convention of V in Eq. (13) . The present experimental upper bounds on m e and m ee are m e < 2.1 eV and m ee < 0.39 eV, respectively, at the 99% confidence level [6] . The future KATRIN experiment is expected to reach the sensitivity m e ≃ 0.2 eV [7] . On the other hand, the new experiments towards searching for the neutrinoless double-beta decay may reach the sensitivity m ee ∼ O(10 −2 ) eV [8] .
III. NUMERICAL ANALYSIS
We proceed to do a numerical analysis of the generalized FTY ansatz with non-vanishing δ 12 . The neutrino mass spectrum and the MNS matrix depend on seven free parameters: d 3 , x, y, α, β, M 1 and δ 12 . These parameters may more or less get constrained from the experimental data given in Eqs. (1) and (2) . In the δ 12 = 0 case, which corresponds to the original FTY ansatz, an updated numerical analysis yields ω ≡ d Note that the absolute scales of d 3 and M 1 cannot separately be determined from our analysis. FIG. 1 shows the allowed regions of sin 2 θ 12 vs sin 2 θ 23 , R ν vs sin 2 θ 13 and δ vs m ee in the δ 12 = 0 case. To get a ball-park feeling of the effect of non-vanishing δ 12 on neutrino masses and lepton flavor mixing, we may carry out a general numerical calculation by allowing δ 12 to vary between −1 and +1. Then we obtain the generous constraints on δ 12 and ω as follows:
We have found that the parameter space in the δ 12 = 0 case is essentially distinguishable from that in the δ 12 = 0 case, provided |δ 12 | is of O(0.1) or larger. However, it seems more interesting to consider a small mass splitting between two heavy right-handed Majorana neutrinos in model building; i.e., |δ 12 | ∼ O(0.1). Thus we shall fix |δ 12 | = 0.25 as a typical input in our subsequent numerical calculations. Such a choice of |δ 12 | implies that the analytical approximations made in Eq. (11) and TABLE II are valid.  TABLE III shows the allowed ranges of model parameters in cases (A), (B) and (C) with |δ 12 | = 0.25. Note that cases (A ± ), (B ± ) or (C ± ) correspond to the positive and negative values of δ 12 in this table, where the predictions for a number of observables are also listed. Some comments are in order.
• The model parameters ω and y are restricted to the relatively narrow ranges. The allowed region of x is somehow larger than that of y in all cases, implying that the flavor mixing angle θ 12 is less constrained than θ 23 in the generalized FTY ansatz. There is little limitation to the phase parameter α, although α = π has been ruled out in cases (A ± ), (B − ) and (C − ). In comparison, the phase parameter β always takes values around π to guarantee sin 2 θ 23 > 0.35.
• The maximal atmospheric neutrino mixing (i.e., θ 23 = π/4 or sin 2 θ 23 = 0.5) can only be achieved in cases (B + ) and (C + ). In all cases, sin 2 θ 12 is not well restricted. But the smallest neutrino mixing angle θ 13 has an lower bound in each case: θ 13 > 3.76 • ), it will be able to test our prediction for θ 13 .
• The ranges of three CP-violating phases are not very restrictive. In particular, the CP-conserving case (i.e., δ = ρ = σ = 0) cannot be ruled out at present. The allowed range of J is roughly the same in all six cases. It is in principle possible to detect |J | ∼ O(10 −2 ) in the future long-baseline neutrino oscillation experiments.
• Just as we have expected, the neutrino mass spectrum has a normal hierarchy with m 3 ≈ |∆m 2 32 | ∼ 0.05 eV. The magnitude of m e is therefore strongly suppressed, at most of O(10 −2 ) eV, which cannot be probed by the proposed KATRIN experiment. In comparison, the magnitude of m ee is at the level of a few meV, which might be measured in the future neutrinoless double-beta decay experiments.
To see how the parameter space changes from the δ 12 = 0 case to the δ 12 = ±0.25 cases, we plot the allowed regions of sin 2 θ 12 vs sin 2 θ 23 , R ν vs sin 2 θ 13 and δ vs m ee in FIGs. 1-4. The points in the scatter plots for different parameters may more or less correlate, because they all depend on the model parameters δ 12 , ω, x, y, α and β. One can easily see from TABLE II that the magnitude of θ It is worth mentioning that our results, similar to those obtained from the FTY ansatz, are essentially stable against radiative corrections from the seesaw scale to the electroweak scale or vice versa. The reason is simply that m 1 , m 2 and m 3 have a clear normal hierarchy (or equivalently, x ν < 1 and y ν < 1 in TABLE III) [22] . Therefore, we have omitted the insignificant renormalization-group running effects on three light neutrino masses, three flavor mixing angles and three CP-violating phases in our calculations. Note that the structural hierarchy of M ν is not strong, nor is that of M D . To see this point more clearly, we have evaluated the ratios of A D , |B D | and |C D | to d 3 and listed them in TABLE III. Taking case (B + ) for example, we have
where the absolute value of d 3 is unrestricted (note that only d 
where m u /m c ∼ 0.0023 and m c /m t ∼ 0.0042 are typically input, one can observe that the hierarchy of M D is much weaker than that of M up . As M l is strongly hierarchical [10] and M R is close to the unity matrix in our scenario, the weak hierarchy of M D is the main source of large flavor mixing in the lepton sector.
Finally, we stress that our work will make much more sense, if some tension or disagreement appears between the original FTY ansatz and more accurate neutrino oscillation data in the near future. One may also generalize the FTY ansatz by abandoning the exact mass degeneracy of three right-handed Majorana neutrinos and allowing for M 1 ∼ M 2 ∼ M 3 . This case, which involves two small mass splitting parameters, can be regarded as a further extension of cases (A), (B) and (C) discussed in the present paper.
IV. SUMMARY
We have generalized the interesting FTY ansatz by allowing the masses of three heavy right-handed Majorana neutrinos to be partially non-degenerate, and then investigated the phenomenological consequences of this mass splitting on the neutrino mass spectrum, flavor mixing angles and CP-violating phases. Three simple but typical cases have been considered in our analysis:
The analytical approximations and numerical results show that there is the parameter space in every case and the mass splitting effect may play an important role in fitting the experimental data. We have also obtained the numerical predictions for the Jarlskog invariant of CP violation and the effective masses of the tritium beta decay and the neutrinoless doublebeta decay. Some of our results can be experimentally tested in the near future.
In our discussions, we have taken both the Dirac neutrino mass matrix M D and the right-handed Majorana neutrino mass matrix M R to be real. Hence there is no leptogenesis even though the mass degeneracy of three right-handed neutrinos is partially broken. It is of course interesting to introduce non-trivial complex phases into M D and (or) M R , such that CP violation may appear in the lepton-number-violating and out-of-equilibrium decays of heavy right-handed Majorana neutrinos. We shall elaborate this idea elsewhere, so as to accommodate baryogenesis via leptogenesis in a new extension of the FTY ansatz.
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TABLES
ω ≡ d 2 3 /M 1 , D ν ≡ (1 + x)(1 − xy)(1 + y)(1 − y + xy), D ′ ν ≡ (1 + x)(1 − xy)(1 + y), F x,y ≡ xy(1 − x 2 )(1 − y 2 ) , F x,xy ≡ y(1 − x 2 )(1 − x 2 y 2 ) and F y,xy ≡ x(1 − y 2 )(1 − x 2 y 2 ) , where x = d 1 /d 2 and y = d 2 /d 3 . Case M ′′ ν Abbreviated functions (A) ω D ν   x 3 y 2 F A 11 xy 2 F y,xy −xy 2 F x,y xy 2 F y,xy y 2 F A 22 xy 2 F x,xy −xy 2 F x,y xy 2 F x,xy F A 33   F A 11 ≡ (1 + y)(1 − y − x 2 y 2 + y 2 ) F A 22 ≡ (1 − xy)(1 + xy + x 2 y 2 − y 2 ) F A 33 ≡ (1 + x)(1 − y 2 + xy 2 − x 2 y 2 ) (B) ω D ν   x 3 y 3 F B 11 xy 3 (1 − x)F y,xy −xy(1 + xy)F x,y xy 3 (1 − x)F y,xy y 3 F B 22 y(1 − y)F x,xy −xy(1 + xy)F x,y y(1 − y)F x,xy F B 33   F B 11 ≡ (1 − x)(1 + xy)(1 + y) F B 22 ≡ (1 − x)(1 − xy)(1 − y) F B 33 ≡ (1 + x)(1 + xy)(1 − y) (C) ω D ′ ν   x 3 y 2 F C 11 xy 2 F y,xy xyF x,y xy 2 F y,xy y 2 F C 22 yF x,xy xyF x,y yF x,xy F C 33   F C 11 ≡ (1 − y 2 ) F C 22 ≡ (1 − x 2 y 2 ) F C 33 ≡ y(1 − x 2 )
